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Freeze concentration (FC) is a subzero temperature solute concentration procedure, favoring the retention of high qual-
ity compounds such as food ingredients and biological materials. It is known that modeling solute inclusion in the ice
layers or ice crystals formed in a convective environment requires the solute distribution coefficient function. The fluid
flow velocity, ice-growth rate and solute concentration are influential on this function. Some literature has reported cer-
tain expressions of the function, which are relatively complex. Here, an explicit format of this function has been derived
for single solute system, and found to be satisfactory in correlating a wide range of experimental data on sucrose solu-
tions for both the controlled flow layer crystallization process (flow in between two cooling plates) as well as the falling
film crystallization process. This expression has captured the fundamental aspects of mass transfer, and it is relatively
simple which should be very useful for correlating FC parameters and for simulating the layer FC processes. VC 2015
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Introduction

Freeze concentration (FC) is a physical solute concentra-
tion process, which involves the fractional crystallization of
water and subsequent removal of the ice, resulting in an
enriched solution.1 Because it is a subzero temperature proc-
essing method, it is recognized as a beneficial alternative to
evaporative concentration method of heat sensitive materials
such as food and biological materials.

Figure 1 shows two basic modes of FC operations. Two
subsystems for (b), that is, (b1) and (b2), are also illustrated.
In this study, we focus on (b1) and (b2). These two are pop-
ular testing approaches in flow systems for FC2–6 though the
geometry may vary. In a FC process, impurities may be
entrapped in solid ice matrices, which can be separated later
from the ice phase during the formation of ice crystals. The
entrapped materials may be what one wants for certain pur-
poses. However, it is most often in FC operations that the
impurity in ice should be kept minimal to minimize the loss
of valuable solutes in food or in bioactive materials.

In recent years, FC has also been researched on to apply it
as an alternative for seawater desalination and wastewater
treatment processes.7,8 Freeze desalination has some advan-

tages when compared with other methods. It is argued that
one of the main advantages of freeze desalination systems is
its energy consumption. It requires only 420 kJ kg21 of
energy to remove salt and produce 1 kg of fresh water
largely due to the low latent heat of freezing. In addition to
that, freeze desalination system is corrosive resistance and
can operate for a long time with little maintenance.7,9

Interestingly, it has also been investigated as an enhance-
ment process for bioactive compounds in aqueous extract.
For instance, the effects of FC of aqueous extract of mate
leaves on the content of bioactive components and antioxi-
dant activity of the concentrated fluid and the ice have been
looked at in a FC process.10 Multistage FC process was used
in laboratory and the concentrated fluid shows increasing
phenolic compounds in all the FC stages. The isolated phe-
nolic compounds detected by HPLC, such as chlorogenic
acid, 3,5-dicaffeoylquinic acid, caffeic-acid, p-coumaric acid,
3,4-dihidroxibenzoic acid, and gallic acid, all improve sub-
stantially in all FC stages. The methylxanthines caffeine and
theobromine contents have also been found to increase sig-
nificantly with the application of the FC procedure.

Another recent study has suggested that the solute inclu-
sion in NaCl system is affected by the directional growth of
the ice on cooled surface.11 It is expected that the freezing,
microstructure and solute inclusion is interactive, and the
relationships are still subjects to be investigated in near
future.
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Distribution coefficients

As far as separation and purification is concerned, from
process engineering prospective, solute inclusion in the ice

formed in FC is a key subject of interest. The process has
been characterized using a distribution coefficient which is
thus an extremely important parameter reflecting the effi-
ciency of the process. The distribution coefficient, a thermo-
dynamic parameter for describing the impurity distribution in
solid and liquid phases during solidification, is defined as the
ratio of the impurity concentration in the crystal and in the
mother solution expressed in weight fractions.12–14 Three
distribution coefficients have been defined previously.13,14

They are the equilibrium distribution coefficient Keq, the
interfacial distribution coefficient Ki, and the effective distri-
bution coefficient K, respectively

Keq5
CS

CL

v50 (1)

K5
CS

CL

v 6¼ 0 (2)

Ki5
CS

CL:i
v 6¼ 0 (3)

where CS is the concentration of solute in the solid, CL in
the bulk liquid, and CL,i in the liquid adjacent to the inter-
face. Keq denotes the equilibrium values and both Ki and K
denote the nonequilibrium distribution coefficients due to
both thermodynamic and the kinetic factors. v is the linear
fluid velocity at the crystallizing surface.

The purity of the crystal is not only determined by the

thermodynamic (or equilibrium) distribution coefficient, but

also by the growth mechanism. Due to the kinetic effects,

impurities may be included in the crystal lattice both on a

micro- and a macroscale.15 On a microscale, molecules of

the impurities may be incorporated in the lattice itself or in

the dislocations of the crystal. The incorporation of foreign

molecules into the crystal lattice may be easier as the vol-

umes of the foreign molecules are similar to those of the

main crystallizing compound.16 On a microscale, the mother

liquor with its contained impurities may be included inside

crystal imperfections or may be trapped in the agglomerates

of crystals. The contribution of the kinetic effects to the

purity of the crystals or crystal layers will depend on the

configuration of the crystallizer and the process conditions

during the crystal growth.
The contribution of the interfacial kinetics may be lim-

ited either by a relatively low enthalpy of melting or a
high driving force.16 A low melt enthalpy means that the
differences in lattice energy of the main compound mole-
cules and the impurity molecules, which resemble the
main compound molecules, are small. The selectivity may
easily decrease due to kinetic effects. If the driving force
is increasing to relatively large values (i.e., a large super-
saturation/supercooling), the differences in attachment
energy between the main compound molecules and the
impurity molecules become relatively less important. The
selectivity is decreased again. Moreover, the concentration
of impurities at the interface may strongly increase due to
mass transfer limitations, increasing the incorporation
tendency of the impurities. This will especially be the
case, when a large growth rate is established by high
supersaturation/supercooling. Therefore, it will be clear
that crystallization under condition of dendritic growth
will result in a poor selectivity due to the large amount of
melt inclusions.

Figure 1. Basic freeze concentration (or freeze crystalliza-
tion) processes (a) creating ice crystals sus-
pended in a solution and growing them till large
to be separated; (b) creating an ice layer that
has some purity so the remaining liquid is a con-
centrated one; (b1) and (b2) are a couple of illus-
trative options of layer crystallization process
that can also produce enriched concentrates:
one is a saturated flow in between two plates
cooled from both sides and one has liquid flow
naturally fall along a cooled surface.

[Color figure can be viewed in the online issue, which is avail-

able at wileyonlinelibrary.com.]
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Chernov considered impurity incorporation in crystals
from a kinetic viewpoint17,18 and as a random walk prob-
lem.19 Several researchers such as Baralis20 and Baur21 cal-
culated nonequilibrium distribution coefficients by the
methods of nonequilibrium thermodynamics. Crystallization
kinetics of binary melts was treated from the absolute reac-
tion rate theory viewpoint by Kirwan and Pigford.22 Baker23

observed solute trapping of zinc when zinc–cadmium alloys
were rapidly solidified. They concluded that only the theory
of Chernov17 could explain the results. Chernov24 discussed
the mechanism and the kinetics of the trapping of impurities
by the surface of a layer-wise-growing crystal, and also the
subsequent relaxation processes. He thought that a new layer
laid by a step buries the impurity atoms of the surface layer,
transferring them from a position in the surface to a position
in the bulk. The concentrations of an impurity in the surface
and in the bulk are different, and therefore, the amount of
impurity in just buried regions of the crystal bulk will not be
equilibrium. A situation may occur on the step: building up
new atomic rows during the motion of kinks and burying the
impurity atoms in the step rise lead to a nonequilibrium con-
centration of the impurity in the surface layer.

If the growth rate is high enough, the crystal traps the
impurity in an amount differing from the equilibrium
amount, and there is no time for subsequent relaxation to
take place. The result is nonequilibrium trapping and the
appearance of metastable structures (diffusionless crystalliza-
tion). However, Arkenbout15 pointed out that Chernov’s
models are not yet available for organic molecules.

Models of distribution coefficient

The practical systems are perhaps always operated under
nonequilibrium conditions. The effective distribution coeffi-
cient is normally used to describe the distribution of solute
between the liquid and solid phases. Burton et al.25

expressed a relationship between K and Keq according to the
mass transfer boundary layer theory

K5
Keq

Keq1ð12KeqÞe2vd
D

(4)

When measuring K as a function of the linear crystal
growth rate at distinct mixing conditions, values D/d and Keq

may be obtained by plotting ln(1/K 2 1) against v, giving a
line with a slope of (d/D) according to Sloan and McGhie.26

m is the linear growth velocity of the ice formation (m s21)

ln ð1
K

21Þ5ln ð 1

Keq

21Þ2 vd
D

(5)

This is the so-called “Burton–Prim–Slichter” equation
which was experimentally tested by several researchers, such
as Burton et al.,25 Zharinov et al.,27 and Lionnet.28 However,
the experimental data were not extensive.

An idealized mathematical model of the distribution of
solute between the liquid and solid phases during normal
freezing of fixed volume sample was expressed by Pfann29

and Baker23

Ci

C0

5Kð12gfÞK21 (6)

where, gf is the fraction that is frozen.
The model involves assumptions including the requirement

of planar ice growth in the direction of freezing, no solute

diffusion in the ice phase, complete mixing, and no density
changes. These assumptions are not realistic for a practical
system.

Two other basic distribution functions have been formu-
lated for isomorphous impurity inclusion.30–33 The distribu-
tion of the impurity between the liquid and the solid phases
follows the relation (Berthelot–Nerst or the D-law)

C1

C2

5KD

C1
02C1

C2
02C1

(7)

and (Doerner and Hoskins or the k-law)

ln
C1

0

C1
02C1

5Kkln
C2

0

C2
02C2

(8)

where, C0
1 and C0

2 are the initial concentrations of the two
components in the solution, C1 and C2 are the amounts of
them after a certain crystallization and KD and Kk are the
distribution coefficients. Murthy and Mahadevappa34 worked
with the problem of fractional crystallization of two isomor-
phous salts of different molecular weights and concluded
that both the D- and the k-laws were not applicable to their
systems. Their experimental results agreed, with the predic-
tions of the Abu Elamayem equation; this equation applies
to both equilibrium and nonequilibrium conditions. In the
papers by Zhmurova et al.,35,36 it was reported that the D-
law holds over a wide range of concentrations and supersatu-
rations (even under nonequilibrium conditions) for the iso-
morphic system studied. Nyvlt33 pointed out that the D-law
holds for both constant concentrations of the macrocompo-
nent and the macrocomponent in the solution and the k-law
for a constant concentration of the macrocomponent and a
variable concentration of macrocomponent in the solution.
These models are more suited for bulk relationships rather
than the interfacial and local. More importantly, none of
these models, as they are, can accommodate the impacts of
concentration, diffusive mass transfer, fluid-flow effect, and
crystal growth rate when they are coupled together.

Distribution coefficient in practical systems

The effective distribution coefficients of solution and melt
systems have been reported by some researchers such as
Noll,37 Hardy and Coriell,38 Kirgintsev and Gorbacheva,39

and Kirgintsev and Revzin.40 Reid et al.30,31 correlated that
the effective distribution coefficient is dependent not only on
the thermodynamic properties of the system, but operating
variables such as temperature gradient and geometry as well.
Liscom et al.41 used an aqueous acetic acid solution and
found that K decreases as solute concentration became more
dilute. Baker42 reported that K depends on rate of cooling,
mixing, and composition of the original sample. Hurle43

have shown that temperature fluctuations during the mea-
surement of distribution coefficients by directional solidifica-
tion tend to decrease the average degree of solidification.

Distribution coefficients for dilute concentration organic
and inorganic aqueous solutions were investigated in a cool-
ing rotating evaporator by Kobayashi and Lee44 and
Baker.23,45–47 The freezing of seawater was studied by Fos-
ter,48 Wakatsuchi and Ono,49 and Brewster and Gebhart.50

The water–ice interface salinity and the ice salinity were
given as a function of ice growth rate. Mullier and Sekou-
lov51 investigated the clearing efficiency of wastewater treat-
ment by freezing concentration method using a falling film
reactor. Mullier’s experimental results show that variables
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such as concentration of the solution, freezing rate, and
internal mixing rates markedly affect the purification effi-
ciency. Neumann and Ulrich52 measured the effective distri-
bution coefficient for caprolactam–cyclohexanone. The effect
of flowing on the effective distribution coefficient could be
seen. The primary investigation of purification of caprolac-
tion–water, caprolaction–cyclohexanone, and dodecanole–
decanole systems by suspension and layer crystallizations
was carried out by Ulrich and Ozoguz,53 Poschmann and
Ulrich,54 Henning and Ulrich,55 and Ulrich and Neumann.56

For food liquids, Bayindirli et al.57 reported distribution
coefficients based on the average concentration of the solids
in ice and liquid phases for apple juice freezing. They con-
cluded that the solids distribution between the juice and ice
was constant at constant freezing temperature. Mahmutoglu
and Esin58 measured the distribution coefficients at the inter-
face for carrot juice at slow freezing rates at static condi-
tions. Flesland59 measured the average solute mass fraction
in ice layers formed from falling films of sucrose solution
from which coefficients were calculated and the relationship
of the average distribution coefficients and the ratio of the
ice growth rate to mass transfer coefficient was presented.
For practical purposes, the average distribution coefficients
as influenced by process conditions are the most important
parameter.

Process visualization

The processes considered here are the processes of ice for-
mation on steel plates from flowing solutions in channels or
in falling films, which are shown in Figure 1b1 and Figure
1b2. Solution flows through the channel or over a plate at a
certain velocity. Coolant flows extract heat from both sides
(b1) of every solution channel or on one side (b2). Certainly

the crystallizer geometries may not be only flat plates, it can
be cylindrical as described by Herna�ndez et al.60 The discus-
sion considered here is more of a flat plate geometry that
can accommodate cylindrical cases, provided the crystal
layer is thin compared with the system diameter.

Ice forms on the wall(s) cooled from the other side. For
(b1), because the symmetrical nature, only half of the chan-
nel needs to be considered in this theoretical analysis. As
soon as ice starts to form on the cooled surface, both temper-
ature and concentration at the solid-liquid interface starts to
change. It is known from literature50,59 and the experimental
results in the same laboratory by Chen,61 that solute concen-
tration in ice is always lower than that of the bulk solution,
that is, Cs.ice < Cs.1. As the ice layer grows thicker, water
molecules next to the ice-liquid interface become immobile.
This “pushes” the solute molecules to move away from the
ice-liquid interface, which increases solute concentration in
the liquid side of the interface, that is, Cs.i becomes greater
than Cs.1. As this happens, the temperature at the interface
must be reduced further to enable ice to form due to the
freezing point depression (FPD) phenomena,62 that is, the
freezing temperature decreases due to the increasing Cs.i.

Nevertheless, a common visualization of the above proc-
esses occurring at the solid-liquid interface (in either config-
uration Figure 1b1 or configuration Figure 1b2) is given in
Figure 2.

Solute molecules on the liquid side of the interface is
“pushed” into the bulk liquid because of the moving front of
ice formation and, as shown in Figure 2, solute flux into liq-
uid as pure ice forms is Js 5 viceCs.i. This flux leads to an
increase in Cs.i, creating a concentration gradient between
the ice-liquid interface and the bulk solution flow. This con-
centration gradient creates a concentration boundary layer

Figure 2. Schematic diagram of microscopic view of ice growth from solution flows.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

AIChE Journal April 2015 Vol. 61, No. 4 Published on behalf of the AIChE DOI 10.1002/aic 1337

http://wileyonlinelibrary.com


with certain thickness dcb. The mobile solute molecules are
transported from the interface to solution flow by the con-
centration gradient near the interface in the solution side,
that is

Js cb52D
@C

@x

����
x50

(9)

One can visualize that if Js cb� Js solute would move
away sufficiently fast that the solution near the interface is
fully displaced by the ice moving front. If Js cb< Js, how-
ever, there would be some solute (Js ice) retained by the ice.
According to the mass balance, Js 5 Js cb 1 Js ice. Hence,
this process is an unsteady state heat and mass transfer pro-
cess coupled with phase change. Based on this basic under-
standing, Chen and Chen3 has developed a semiempirical
model that correlates very well with the experimental aver-
age distribution coefficient

�K5a1bFPD1cFPD21d
�vice

us:10:5
(10)

with a 5 20.1, b 5 0.32, c 5 20.04, and d 5 0.12 for all the
solutions tested by Chen.61 These were sucrose solutions,
whole milk, skim milk, orange juice, glycol solution, fruc-
tose solutions, NaCl solutions, and potato starch suspensions.
The molecular influences on the entrapment or impurity
inclusion are imbedded in the parameter FPD of the test sol-
utions representing the bulk concentration effect. This empir-
ical correlation has been found useful in the analysis of data
from falling film FC as shown by Moreno et al.63

There has been, in recent time, an increasing interest in
the area of layer crystallization, in both modes (b1) and (b1)
as shown in Figure 1 though their geometry may vary. For
instance, Jiang et al.4 proposed an additive type effective
(average) distribution coefficient function that considers the
impurity trapping as being dependent upon the crystal net-
work type/structure (with or without the branched-porous
structure coexisting together). This function is intertwined
with the ideal distribution coefficient of impurity i on the
crystal-liquid interface, an effective distribution coefficient
of impurity i in the branched porous structure, film tempera-
ture difference, and thickness of mass transfer boundary
layer. Despite the advances made in segregating the mecha-
nisms involved, these models tend to be much more complex
than the one introduced here.

Here, we have started the analysis from the basic convec-
tion–diffusion mass transfer equation, and we have made
some assumptions to progress to a set of simpler equations
describing the average distribution coefficient. The focus has
been on obtaining mass transfer correlations with more fun-
damental meaning yet preserving some kind of simplicity.
Comprehensive experimental data available on both category
(b1) and (b2) with a wide range of sucrose solutions have
been used to validate the approach. Two solution routes
have been taken showing similar trends. Their differences
have been discussed as well.

Deriving New Formula of Average/Mean
Distribution Coefficient

Governing equation for mass transfer

For simplicity, because the amount of ice formed from
solution flow is comparatively small against the amount of
flowing solution, the effect of ice formation on concentration

distribution at different locations along the flow direction has
been neglected. This has led to the assumption of a 1-D sit-
uation. Hence, the differential equation for mass transfer in
the concentration boundary layer can be written as follows

@C

@t
5r � ðDrCÞ2us � rC (11)

Assuming the reference point is fixed at the ice/solution
interface, that is, us.x � 2vice (Figure 2). Equation 11 can
then be simplified to

@C

@t
5
@

@x
D
@C

@x

� �
1vice

@C

@x
(11a)

This approach may be regarded as being analogous to
modeling flat-plate membrane filtration.64,65

Concentration relationships

Mass concentration (C, kg/m3) or molar concentration
(Cm, mol/m3) (C 5 MCm) is commonly used in mass conser-
vation equation. However, weight percentage (x, wt %) is
usually used for calculating the distribution coefficient K.
Before analyzing the mathematical model (Eq. 11), it is use-
ful to go through some definitions related to the distribution
coefficient.

The distribution coefficient (K) is defined as

K5
xs:ice

xs:1
(12)

For an aqueous solution, the following relationship exists

CH2O

qH2O

1
Cs

qs

51 or CH2O5qH2O2Cs

qH2O

qs

(13)

The mass percentages xs.ice and xs.1 can be written as

xs:15
Cs:1

Cs:11CH2O

5
Cs:1

Cs:11qH2O2
qH2O

qs
Cs:1

(14)

xs:ice5
Cs:ice

Cs:ice1CH2O

5
Cs:ice

Cs:ice1qH2O2
qH2O

qs
Cs:ice

(15)

where Eq. 13 has been used.
Substituting Eqs. 14 and 15 into Eq. 12, the distribution

coefficient can be expressed as

K5
Cs:iceðCs:11qH2O2

qH2O

qs
Cs:1Þ

Cs:1ðCs:ice1qH2O2
qH2O

qs
Cs:iceÞ

(16)

Equation 16 can be rearranged to

Cs:ice5
KqH2OCs:1

Cs:1ð12KÞð12
qH2O

qs
Þ1qH2O

(17)

In the above equations, all the concentration values in the
ice layer are the average or the mean value (over the time
period of ice formation). In the following sections, we pres-
ent two approximate solutions of the pseudosteady nature.

Model A

Assuming the pseudosteady state, that is, @C
@t � 0, as the

ice growth rate is very small (typically of several mm s21).
In this case, the mass conservation Eq. 11a becomes
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@

@x
D
@C

@x

� �
1vice

@C

@x
50 (18)

The boundary conditions are

C5Cs:1;when t � 0; x5dcb (19)

C5Cs:i;when t � 0; x50 (20)

2D
@C

@x
5vice Cs:i2Cs:iceð Þ (21)

Integrating Eq. 18 once and applying the boundary condi-
tions (Eqs. 20 and 21), one can obtain

D
@C

@x
52vice C2Cs:iceð Þ (22)

Integrating this equation against x, and for simplicity, we
assume that the diffusivity D is a function of Ts:1 and Cs:1
only, one can further obtain

ln
Cs:12Cs:ice

Cs:i2Cs:ice

5e
2

vice
D=dcb 5e2

vice
b (23)

Here the mass coefficient b � D
dcb

. Rearranging Eq. 23, one
can write down

Cs:ice5
Cs:1 12 Cs:i

Cs:1
e2

vice
b

� �
12e2

vice
b

(24)

Combining the above equation and Eq. 17, one can obtain

K5
12 Cs:i

Cs:1
e2

vice
b

� �
Cs:1 12

qH2O

qs

� �
1qH2O

� �
12 Cs:i

Cs:1
e2

vice
b

� �
Cs:1 12

qH2O

qs

� �
1qH2O 12e2

vice
b

� � (25)

Equation 25 is one relationship established this far on the

effects of the ratio of ice growth rate to mass transfer coeffi-

cient (vice/b; which may be called a “transfer velocity ratio,”

i.e., how quickly the ice front moves compared with how

quickly the fluid convectively removes the solute from the

ice surface to the bulk liquid), the ratio of interfacial solute

concentration (Cs.i/Cs.1) and the distribution coefficient (K)

for ice growth processes from solution flows.
To pursue the correlation further, it is interesting to note

that the interfacial solute concentration ratio (Cs.i/Cs.1),

would actually be determined by the transfer velocity ratio

and perhaps, an influence due to the ice structure that is

formed (for instance, the “micro- or nanovoids” in between

pure solid ice microdomains which allows the pools of solu-

tion of certain concentration to be staying).
If we think of the ice front as a “moving” permeable

membrane, the solute penetration would be determined by
both the cross-flow mass transfer, which “sweeps” the sur-
face of the membrane to keep it clean. It is obvious that in
this case, the amount of solute that can transfer through the
membrane, or say can be trapped by the membrane pores,
would be determined by the pore size and structure. It is
thus envisaged that the material characteristics of the ice-
moving front would play a significant role.

There is no analytical relationship available for Cs.i/Cs.1
as a function of vice/b and the material characteristics. It is
too complex at this stage to consider quantitatively the
effects of material characteristics. However, we can expect
that Cs.i depends on the ice growth rate, vice, and mass the
mass transfer “velocity,” b. In other words, the dimension-

less quantity (Cs.i/Cs.12 1) would increase with the increas-
ing velocity ratio vice/b. When vice 5 0, Cs.i 5 Cs.1. As a first
approximation, we propose the following

Cs:i

Cs:1
215n

vice

b
(26)

where n is an empirical function, which may reflect well the
impact of material characteristics. Cs.1 should affect

( Cs:i

Cs:1
21) no doubt, and therefore, a simple assumption here

would be n � Cs:1
n. The relationship of ( Cs:i

Cs:1
21) vs. vice

b

then becomes

Cs:i

Cs:1
215AcCs:1

n vice

b
(27)

The mass transfer coefficient (b), which can be calculated

from available mass transfer correlations, together with the

measured results of vice, we can plot the relationship between

( Cs:i

Cs:1
21) and Cs:1

n vice

b with different n values. There are now

two sets of experimental data we can use: the results for fall-

ing film crystallizer (FFC)59 and the results for controlled

flow suspension crystallizer (CFSC).61 The calculations

made on obtaining the mass transfer coefficients can be

found in the Appendix.
When vice, Cs.ice, and Cs.1 are known and b is determined

by the aforementioned methods, Cs.i can be determined from
Eq. 23 by the expression below

Cs:i5
Cs:12Cs:ice 12e2

vice
b

� �
e2

vice
b

(28)

Model B

Apart from the above Model A, it is also possible to twist

somewhat the boundary condition set to allow the obtain-

ment of the solution of the same governing Eq. 18 through

the traditional boundary layer solution procedure.
The boundary conditions are:

C5Cs:1;when t � 0; x5dcb (29)

@C

@x
50;when t � 0; x5dcb (30)

C5Cs:i;when t � 0; x50 (31)

2D
@C

@x
5vice Cs:i2Cs:iceð Þ (32)

Thus, there is one extra Eq. 29 that was added to the
boundary condition set for Model A.

Based on the traditional approach in the theory of bound-

ary layer transport,66 one can assume the concentration pro-

file fulfills a second-order polynomial fitting:

Cs:i2C

Cs:i2Cs:1
5a11a2

x

dcb

� �
1a3

x

dcb

� �2

(33)

The coefficients a1, a2, and a3 can be determined

Cs:i2C

Cs:i2Cs:1
52

x

dcb

� �
2

x

dcb

� �2

(34)

Based on these boundary conditions, one can arrive at an
expression for Cs,ice
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Cs:ice5Cs:i2
2 Cs:i2Cs:1ð Þ

vice

b

(35)

Combining Eqs. 17 and 35, one may eventually obtain a
new expression of K

K5
2 12 Cs:i

Cs:1

� �
1 Cs:i

Cs:1
vice

b

� �
Cs:1 12

qH2O

qs

� �
1qH2O

� �
2 12 Cs:i

Cs:1

� �
1 Cs:i

Cs:1
vice

b

� �
Cs:1 12

qH2O

qs

� �
1qH2O

vice

b

(36)

Similarly, the above equation can be coupled with Eq. 26
or more specially Eq. 27 (the empirical formula for interfa-
cial solute concentration ratio) to yield an effective expres-
sion for the average/mean solute distribution coefficient K.

Results and Discussion

Manipulating the final analytical derivations in the afore-
mentioned derivation section, two models of average/mean
distribution coefficient (K) have been proposed here for both
FFC and CSFC modes of operations.

Combining Eqs. 25 and 27, giving Model A

K5
a1 Cs:1 12

qH2O

qs

� �
1qH2O

h i
qH2O 12e2

vice
b

� �
1a1Cs:1 12

qH2O

qs

� � (37)

and

a15 12e2
vice
b

� �
2AcCs:1

n vice

b
e2

vice
b (38)

Combining Eqs. 36 and 27, giving Model B

K5
a2 qH2O1Cs:1ð12

qH2O

qs
Þ

h i
qH2O1a2Cs:1ð12

qH2O

qs
Þ

(39)

and

a25ð122AcCs:1
nÞ1AcCs:1

n vice

b
(40)

Using the above equations, the constants (Ac and n) in the
aforementioned two models for the two types of the crystalli-
zers, respectively, can be determined by correlating the
experimental data on average distribution coefficients. The
calculated values are shown in Table 1.

The values of ( Cs:i

Cs:1
21) as a function of Cs:1

n vice

b under
different solution conditions have been plotted in Figures 3a,
b for both FFC and CFSC’s results using Model A. Similar
plots, which are slightly more scattered (especially in the
high velocity ratio region) have been made for Model B
(Figures 4a, b). The numerical differences between the pre-
dicted and the experimental datasets were marginal between
the two models. The values shown in Table 1 were the best
correlations judging by the best r2 attained as well as the
observations made on the plots like that in Figure 3. It has
been found that the values of ( Cs:i

Cs:1
21) and vice

b are correlated
well using Eq. 27 despite the simplicity of the approach. For
CFSC, the power is n 5 20.31 and for FFC the power is
n 5 20.25. Rounding them up using fractions, one may con-
sider n � 21/3 for CSFC and n � 21/4 for FFC. These are
consistent in both models, respectively.

To explore an interesting aspect of the process, to see if
rather “pure” ice can be formed using this sort of process,
some additional experiments were conducted and analyzed,

for example, tests were done on 1.3 and 5 wt % sucrose sol-
utions (Figure 5). The data points plotted in Figure 5 were
obtained using the experimental procedures described previ-
ously. Each point represents a single experiment gained with
the procedure that had 64% relative error. The lines of aver-
age distribution coefficient against vice/b tends to intersect
the K 5 0 axis, meaning that rather pure ice can be formed
from solution flows when ice grows at a rate, which is lower
than the “critical” velocity ratio (vice/b)* at this intersection,
that is, K � 0 for vice/b< (vice/b)*. “*” denotes the critical
value. Our experimental results indeed show that in these
regions very pure ice can be formed, as shown by Chen and
Chen et al.61,67

From both Model A and Model B (Eqs. 25 and 36),
respectively, the ice growth rates at the points of intersec-
tions can be found by setting K 5 0, which are

vice

b

� ��
52ln

Cs:1
Cs:i

� �
Model Að Þ (41)

vice

b

� ��
52 12

Cs:1
Cs:i

� �
Model Bð Þ (42)

In those two solutions, vice

b

� ��
� 0 because Cs.i � Cs.1.

It may be considered that vice

b

� ��
is the maximum ratio of

the ice growth rate, which is determined by heat transfer in
the freezing process, to the mass transfer velocity below
which quite pure ice can be formed under flow conditions. A
comparison of the two solutions is given in Figure 6 in terms

of vice

b

� ��
vs. Cs:i

Cs:1
. It can be seen that when the concentration

“gradient parameter” Cs:i

Cs:1
becomes greater than �5, some

departure can be observed between the two models though
the general trends are similar.

From Eqs. 41 and 42, it can be seen that increasing mass
transfer coefficient and decreasing the bulk concentration
favor the increase of the maximum ice growth rate (thus
higher freezing capacity) to assist pure ice formation. One of
the methods to increase the mass transfer coefficient is to
increase bulk solution velocity. The experimental results pre-
sented previously have already shown the effect of solution
velocity on the average distribution coefficient, that is,
increasing the solution velocity is effective in increasing the
purity of ice formed from solution flows.61,67 The experi-
mental results were also obtained using 1.3 wt % sucrose
solution. The lowest value of solute inclusion in ice has been
found to be about 30 ppm from 1.3 wt % sucrose solution
flow in the two parallel plate channel.61

From Eq. 41, for Model A, one can obtain

e
vice
bð Þ
�

5
Cs:i

Cs:1

� �
Model Að Þ (43)

Table 1. The Model Constants in the for FFC and CFSC

Valuated Using Model A and Model B

Crystallizer
type

Concentration
(wt %) Ac n Model r2

FFC 10–40 4.50 20.31 A 0.9807
CFSC 5–30 2.80 20.25 A 0.9898
FFC 10–40 2.29 20.31 B 0.9805
CFSC 5–30 1.43 20.25 B 0.9834
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By combining Eqs. 27 and 43, for Model A, one can work
out the critical velocity ratio as a function of the bulk con-
centration of the solution

Cs:1
2n5

Ac
vice

b

� ��
e

vice
bð Þ
�

21
(44)

From Eq. 42, for Model B, one can obtain

1

12 1
2

vice

b

� ��5
Cs:i

Cs:1

� �
Model Bð Þ (45)

By combining Eqs. 27 and 45, for Model B, one can work
out the critical velocity ratio as a function of the bulk con-
centration of the solution

Cs:1
2n52Ac 12

1

2

vice

b

� ��� �
(46)

Thus an interesting plot can be made for critical velocity

ratio vice

b

� ��
vs. C2n

s:1 (2n> 0) with Eqs. 44 and 46. This is

shown in Figure 7 where n 5 20.25. It is shown that Model
B becomes unreasonable as the velocity ratio becomes
higher as the bulk concentration gets to below zero, which is
not intuitive. This is most likely due to the approximation

formula made for the concentration distribution in the con-
ventional boundary layer theory.

In general, when ice grows from a lower solute concentra-
tion solution, a larger solute concentration difference between

Figure 3. (a) (Cs.i/Cs.‘ 2 1) as function of Cs:‘
n vice/b

(n 5 20.31) for the experimental results of ice
growth from falling film of sucrose solution
(Model A). (b) (Cs.i/Cs.‘ 2 1) as function of
Cs:‘

n vice/b (n 5 20.25) for the experimental
results of ice growth from sucrose solution
flow in a CFSC channel (Model A).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 4. (a) (Cs.i/Cs.‘ 2 1) as function of Cs:‘
n vice/b

(n 5 20.31) for the experimental results of ice
growth from falling film of sucrose solution
(Model B). (b) (Cs.i/Cs.‘ 2 1) as function of
Cs:‘

n vice/b (n 5 20.25) for the experimental
results of ice growth from sucrose solution
flow in a CFSC channel (Model B).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 5. Average distribution coefficient vs. vice/b for
1.3 and 5 wt % sucrose solutions.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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ice-solution interface and solution flow is created, which
drives more solute molecules near the interface through the
concentration boundary layer. A lower concentration solution
is also of lower viscosity, which facilitates mass transfer.
With lower bulk concentration of solute, pure ice could be
made at a higher velocity ratio as shown in Figure 7.

It may also be interesting to use the above-developed
model to look at what may happen in the static crystallization
process (growth of crystal layer without deliberate stirring or
fluid circulation) as those investigated by Kim and Ulrich.68

To do that, the first approximation would be to invoke a
mass transfer coefficient bdiffusion with a transport characteris-
tic length for diffusion-only process (dc;diffusion) as follows

bdiffusion5
D

dc;diffusion

(47)

D is the mass diffusivity of the species in solution. Kim
and Ulrich68 provided the governing equation set of a layer
crystallization system involving an energy balance and a
mass balance, which was incorporated with interfacial
boundary conditions, that is, movement of mass due to crys-
tallization front development balanced with mass diffusion,
as well as an interfacial solute concentration set to be
dependent on the interfacial temperature, and a crystal
growth rate (velocity) model. The equation set was numeri-
cally solved for a number of useful parameters including the
interfacial distribution coefficient as the outcome of the com-
putation. In this work, in contrast, we have correlated ana-
lytically the distribution coefficient in a flow system, which
would be very useful as the interfacial condition for mass
transfer modeling during FC.

Conclusions

In this article, two analytical models of solute inclusion
level in ice as functions of ice growth rate (vice), mass trans-
fer coefficient (b), solution concentration at interface (Cs.i)
and bulk solution concentration (Cs.1) under flow conditions,
have been derived. The predicted average distribution coeffi-
cients agree well with the experimental results for both con-
trolled suspension flow crystallizer and the FFC. The criteria
for “pure ice” formation have also been investigated and the
evidence of producing pure ice is reflected through the
model formulation. Model A has been found to be more
appropriate compared with Model B. Model A as provided
in this study, should be quite useful in setting up the mass
transfer boundary conditions for detailed numerical simula-
tion of FC in future. It is also in a helpfully simple format
that can assist in the “back of envelope calculation” about
the phenomena hence it must be useful for equipment
design.
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APPENDIX 1: CALCULATIONS OF THE MASS
TRANSFER COEFFICIENTS
(i) Calculation of b for FFC

Flesland59 determined the mass transfer coefficient (b) for

each condition of his experimental data on a FFC according to

the Wilker’s correlation.69 Re can be calculated by

Re5
Gff

lbff

(A1)

where, Gff is the mass flow, q is the density of the solution, l is

the dynamic viscosity, and bff is the width of the film.

The film thickness (d) is calculated from the equations below

d5
3m2

g

� �1
3

Re
1
2ðRe < 400Þ (A2)

d50:302
3m2

g

� �1
3

Re
8

15ðRe > 400Þ (A3)

where g is the gravity acceleration.

For the FFC, the Nu correlations were given by Wilker69 as

the following

Nu51:88 Re < Ret (A4)

Nu50:0614Re
8

15Pr0:344 Ret < Re < 400 (A5)

Nu50:00112Re
5
6Pr0:344 400 < Re < 800 (A6)

Nu50:0066Re
14
15Pr0:344 Re > 800 (A7)

where the transitional Reynolds number is

Ret5615Pr20:646 (A8)

For the mass transfer calculations, the analogy to heat transfer

is applied and Nu is replaced by Sh and Pr by Sc. Then, the

mass transfer coefficient (b) can be calculated

b5
Sh � D
dcb

(A9)

(ii) Calculation of b for CFSC

Determination of the Sherwood Number of the Flow in
CFSC. The flow in CSFC has the H1 boundary condition

similar to that defined by Shah and London.70 Shah and London

gave the mean Nu number (Nuave) with the H1 boundary condi-

tion as a function of the aspect ratio of rectangular channel (ae)

and axial coordinate for the thermal entrance region (xe 5 Re Pr
x / dh). Nu can be replaced by Sh under the same flow and ther-

mal conditions due to the analogy between the heat and mass

transfer. The relationship for mass transfer is

Shave56:478010:1353
1

xe

� �
20:00113

1

xe

� �2

25:586ae13:0085ðaeÞ210:02013ðae

xe

Þ
(A10)

Determination of the Diffusion Coefficient. The diffu-

sion coefficient may be predicted by the following equation71

D5

R
Nm

� �
T

6pvs
(A11)

Another method of predicting liquid diffusivity, is71

D50:124310216 RT

l

� �
ðVcÞ

2
3

V

 !
(A12)

Both equations retain the simple temperature and viscosity

dependence of the Stokes–Einstein equation

D5w
T

m
5w

Tq
l

(A13)

where w is a constant, which may be determined using the diffu-

sion coefficient of the dilute solution (Ddil). For dilute sucrose

solution at 25�C, Ddil 5 1 3 1029 m2/s.72 The D of sucrose

solution of different concentrations at various temperatures can

then be calculated using the density data73 and kinematic viscos-

ity data.74 Note here D is a function of Ts.1 and Cs.1.

The mass transfer coefficient (b) can then be determined

using the correlation for Sh (Eq. A10) and D (Eq. A13)

b5
Sh � D

dh

(A14)

where dh is the hydraulic diameter of the actual duct/channel.
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